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Buckling Analysis of General Composite Laminates
by Hybrid-Stress Finite Element Method

Wen-Hwa Chen* and Shau-Hwa Yangt
National Tsing Hua University, Hsinchu, Taiwan 30043, Republic of China

Without using the composite shear correction factors, an assumed hybrid-stress finite element model together
with a composite multilayer element are developed to study the buckling of generally laminated composite plates
with arbitrary thickness and edge conditions under an in-plane stress system. The assumed stress field satisfies
1) the equilibrium conditions within each layer, 2) the interlaminar traction reciprocity conditions, and
3) stress-free boundary conditions on the top and bottom surfaces of the laminate. The initial-stress stiffness
matrix for buckling analysis is constructed by the stresses obtained from three-dimensional interlaminar stress
analysis. Some numerical examples are carried out. The buckling mode shapes for various edge conditions are
also demonstrated. Excellent agreements between the present results and referenced solutions show the high

accuracy and validity of the present technique.

Nomenclature

A = matrix form of constraint condition on the
parameters 8

a,b,h = length, width, and total thickness of
laminate

E; Er = elastic moduli of individual layer in
longitudinal and transverse directions

Gir,Grr = shear moduli of individual layer

K" = the bending stiffness matrix of the nth
element

K7 = the initial-stress stiffness matrix of the nth

- clement

L', Ni,Ni,N; = interpolation matrices

L, T = longitudinal and transverse direction of the
lamina

q’ = generalized nodal displacements for the ith
layer

S = the compliance matrix of the ith layer

s: = the part of 3v} where tractions 7° or T/ are

. prescribed )

T = the prescribed tractions at S, of the ith
layer before the occurrence of buckling

T! = the prescribed tractions at §; of the ith
layer at the occurrence of buckling

T = the boundary tractions at the interelement
boundary for the ith layer before the
occurrence of buckling

T = the boundary tractions for the ith layer at
the occurrence of buckling

T* = incremental boundary tractions for the ith
layer at the occurrence of buckling

T = dimensionless buckling load

u® = the interelement boundary displacements of
the ith layer before the occurrence of

. buckling

u' = the interelement boundary. displacements of
the ith layer measured from the state just
prior to the occurrence of buckling

vl = the volume of the /th layer within the nth

element
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avi = the boundary of v}

wi,wi,,wi, = the component of u’in z direction and its
corresponding partial derivatives

X,¥,2 = Cartesian coordinates

o, = undetermined independent parameters

A = Lagrangian multiplier

w = eigenvalue

VLTSVTT = Poisson’s ratios

£,0m = nondimensional local coordinates

s, Ths = the assumed hybrid-stress functional for

interlaminar stress analysis and buckling
' analysis, respectively
& = three-dimensional stresses in the ith layer
before the occurrence of buckling

o = three-dimensional stresses in the ith layer at
the state just prior to the occurrence of
buckling

v = three-dimensional stresses in the ith layer at
the occurrence of buckling

a* = incremental stresses in the ith layer at the

occurrence of buckling

I. Imtroduction

HE buckling of composite laminates has been investi-

gated intensively for some years because of its significant
characteristics in engineering applications, especially in the
design of aircraft structures. Hence, an accurate calculation of
the critical buckling load of composite laminates is required in
assessing the strength of composite structures.

The laminate plate theory is usually extended from classical
plate theory (CPT) or Reissner-Mindlin shear-deformation
plate theory. The classical plate theory ignores the transverse
shear stresses and usually overestimates the buckling load. The
Reissner-Mindlin shear-deformation plate theory corrects the
Kirchhoff hypothesis and incorporates transverse shear-defor-
mation effects. Noor! showed that first-order shear-deforma-
tion plate theory provides a reliable model for predicting the
buckling load of thin or moderately thick plates once the com-
posite shear correction factors are properly selected. Based on
the reduced plate stiffnesses as well as shear-correction fac-
tors, Turvey? analyzed the biaxial buckling of moderately
thick laminated plates. The methods proposed by Noor! and
Turvey? are difficult to employ for laminates with arbitrary
edge conditions. Recently, Reddy and Phan’ and Putcha and
Reddy* used a higher-order shear-deformation theory to pre-
dict the buckling load. Again, the survey of the previous stud-
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ies'* were restricted to the cases with simply supported edge
conditions.

For the case with arbitrary edge conditions, based on the
refined higher-order theories,® Khdeir and Librescu’ and
Khdeir® investigated the buckling of symmetric cross-ply lami-
nated plates having one pair of opposite edges simply sup-
ported. Singh and Sadasiva Rao® used the displacement finite
element method to analyze the stability of thick angle-ply com-
posite plates. The method in Ref. 9 employed the shear-correc-
tion factors and was not suitable for free-edge conditions.
Dawe and Craig!® and Whitney!! analyzed the buckling of
symmetrically laminated plates subjected to in-plane stresses.
However, the use of composite shear-correction factors is still
required. Neglecting the transverse shear-deformation effects,
Baharlou and Leissa!? extended the Ritz method to analyze the
buckling of generally laminated composite plates. Unfortu-
nately, this method was applicable only for thin plates with
simple geometry.

The aim of this work is thus to develop an accurate finite
element technique without using the composite shear-correc-
tion factors for predicting the critical buckling load of gener-
ally laminated composite plates with arbitrary edge conditions
under an in-plane stress system. The thickness of the laminated
plate can be thin, moderately thick, or thick. The buckling
analysis consists of two parts: the first part is the calculation
of three-dimensional interlaminar stresses of the composite
laminates before buckling occurs, and the second part is the
estimation of buckling load. To calculate the three-dimen-
sional interlaminar stresses and then buckling load accurately,
the hybrid-stress finite element method seems to be a good
choice.!? Therefore, for interlaminar stress analysis, the hy-
brid-stress finite element model and the composite multilayer
element devised in Chen and Hung!? are adopted and modified
here. However, based on the principle of complementary vir-
tual work, a new hybrid-stress finite element model is reformu-
lated for buckling analysis. The composite multilayer element
is taken as that used for interlaminar stress analysis. Hence,
the three-dimensional interlaminar stress states including
transverse normal and shear stresses are all accounted for.
The interlayer traction reciprocity conditions and stress-free
boundary conditions on the top and bottom surfaces of the
laminate are satisfied and the individual cross-sectional rota-
tions of each layer are allowed.

To demonstrate the validity and accuracy of the present
technique as developed, two different composite laminates
with specific edge conditions are first solved. These include
1) symmetric cross-ply laminated plate subjected to uniaxial or
biaxial compression stress having one pair of opposite edges
simply supported, and 2) antisymmetric angle-ply laminated
plate subjected to uniaxial compression stress with pin sup-
ports. The laminates with arbitrary edge conditions under var-
ious in-plane stresses are then studied. The buckling mode
shapes for various cases are also presented. Comparisons of
the calculated critical buckling loads with referenced solutions
show the high accuracy and applicability of this work.

II. Hybrid-Stress Finite Element Formulations

The assumed hybrid-stress finite element model is formu-
lated based on a modified complementary energy principle. To
relax the equilibrium of interelement tractions, in addition to
the stress field in the interior of the element, Lagrangian mul-
tipliers, which are physically the interelement boundary dis-
placements, are introduced. However, it can be shown that the
interelement-traction reciprocity and mechanical boundary
conditions are still satisfied.'* The details of the formulations
of the interlaminar stress analysis and buckling analysis, re-
spectively, are discussed as follows.

‘

A. Interlaminar Stress Analysis

Assume the laminate consists of k layers and let the planar
domain of the laminate be divided into m elements. The as-
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sumed hybrid-stress functional governed by the modified com-
plementary energy principle, say, 7%, can be written as (ig-
noring body forces)!?

: : m K 1 i cn()d S04 i
196 u%) = ), [E(—S @ 'Sig0 dv—ja .Toyu" ds

no1 |Li=1\2 i i

+S 70" u" ds>] = min 0))
Si

In

where ¢% is the vector (6 x 1) of three-dimensional stresses in
the ith layer before the occurrence of buckling and satisfies the
equilibrium conditions within each layer and the interlaminar
traction reciprocity conditions. The term S’ is the compliance
matrix of the ith layer, #° is the Lagrangian multipliers and
can be shown as the vector of interelement boundary displace-
ments of the ith layer before the occurrence of buckling. The
u® is introduced to enforce the interelement traction reciproc-
ity. The boundary tractions at the interelement boundaries for
the ith layer, 7', is derived from the assumed §°'. The 7% are
the prescribed tractions at Sj,, of the ith layer before buckling
occurs, vl is the volume of the ith layer within the nth element
and 3v/ is the boundary of v/. The SZ, is the part of dv} where
tractions T° are prescribed. The terms 9, 707, and 79" are
the transpose of %, T%, and T, respectively.

The hybrid-stress finite element models adopted in this work
are characterized by an assumed stress field in the element and
an assumed displacement field along the interelement bound-
ary. The interelement boundary displacements before the oc-
currence of buckling, u%, for the ith layer of the nth element
can be uniquely expressed in terms of the generalized nodal
displacements g’ as

u®=Lig' @

such that the interelement displacement continuity is main-
tained. From the generalized Hook’s law, since the in-plane
strains for the i/th layer of the nth element can be indepen-
dently assumed in terms of undetermined parameters 8, the
in-plane stresses in the /th layer can be also expressed in terms
of parameters (. ’

The normal stress 6%, and transverse shear stresses, 6%, and
&22, can be obtained from equilibrium equations (ignoring
body forces) as

. j (8 5) d2 o
8% = — j (ag; e 55, ) dz @
e

The constants of integration can be chosen such that the trac-
tion reciprocity conditions at the interlaminar interfaces and
the free conditions on the bottom surface of the laminate are
satisfied exactly. From the assumptions of in-plane strains
(will be discussed in next section) and Eqgs. (3-5), one can
express the three-dimensional stresses é°' in the /th layer of the
nth element in terms of parameters § as

3" = Nip (6)

where N} denotes the interpolation function. The boundary
tractions 79 can be then derived from 6% and shown as

T =Rip )

Substituting Egs. (2), (6), and (7) into Eq. (1), the functional
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7Y can be formulated as
. o k71 . . -
s (8,40 = L El<5 ﬁvHéﬂ—mGaqungqf)] ®)
n= i=
where

Hi= j NISINE dv
vi

n

Gi= j Ri'Lids
vl

Fy = j TLids
S4

After assembling the parameters in Eq. (8) for all layers, r?,s
is found to be

m

whsB,q" = L [VBH;B—B"Giq"+ F§'q"] ®

n=1
where Hj, G§, Fj, and g”" are the corresponding assembled
element matrices of H{, G{, Fi, and ¢’ (i =1,2,--- k).
Since the transverse shear stresses are also assumed as free
on the top surface of the laminate, the following condition is
enforced as a constraint condition on the parameters, 8, say,

AB=0 (10)

and needs to be introduced into Eq. (9) by the Lagrangian
multiplier A as

m

19sB.q"N) = ¥ [BTHIB—B"Giq"+ F{'q"+ XA B] (11)

n=1

The stationary condition of the functional 7% in Eq. (11) with
respect to 8 yields the relation:

B=H!'Grq"—HI 'A"\ (12)
Substituting Eq. (12) into Eq. (10), the Lagrangian multiplier

A and parameter 8 can be thus obtained in terms of the gener-
alized nodal displacements g”:

A= (AH; 'AY) TN AHT'GE) " (13)
and
8= (Hg™ -Hy ' an(aH;"A) AHy ) Gigm (9

Now, substituting Eqgs. (13) and (14) into Eq. (11), one obtains

s = X [~ 12q"K{q"+ F§'q" (15)

n=1

where
Kj= Gg*(Hg”‘ —Hg‘lAv(AHg“Av)—lAHg“) Gl

denotes the element stiffness matrix of element #. Assembling
Eq. (15) for n =1,2,--- m, n% becomes

whs = —V2q¥'Kq* + F'q* (16)

where K3, F§ and ¢* are the assembled global matrix of K{,

F§, and g" for n =1,2,--- m. Finally, the stationary condition

of 7% in Eq. (16) with respect to the global nodal displace-
ments g * yields

Kiq* = F§ a7

Solving the system of simultaneous algebraic equations of Eq.
(17), the global nodal displacements ¢ * and the deformation
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of the composite laminate are determined. Substituting the
solutions of the global nodal displacements into Eqs. (14) and
(6), the three-dimensional stresses ¢° of the entire composite
structure are then computed.

B. Buckling Analysis

To describe the buckling of general composite laminates, the
assumed hybrid-stress functional 74g can be derived from the
modified complementary energy principle as follows:

m k
Tas(eswisu) = ) {E [S A(l/za”S"a"

n=1 =1 i
n

+1/zw,"gg"w,",,) dv——g T”u"ds+§ T”u"dsB = min
avi Si -
n (" (18)

in which

) o ol
gp = < iy ?> (19
UX}' U}’y
and ¢’ are the three-dimensional stresses, which are assumed
such that the equilibrium conditions within each layer

Orxox T U)Icy sy t Gyrz =0 (20)

aj,x,x + 05, 035, =0 (21)

(0L + 0L W, + 0L, W, ),y + (04, + 0 Wo + 0l W,)),,
+ (0 + 0L W, T 0,W,,),, =0 (22)

and the interlaminar traction reciprocity conditions are satis-
fied; the displacements #/ of the ith layer, which are measured
from the state just prior to the occurrence of buckling; w is the
component of u in z direction; x, ¥, and z are the Cartesian
coordinate axes (see Fig. 1); and 7 is the prescribed tractions
at S‘;'" of the ith layer as buckling occurs. It is assumed that T
vary neither in magnitude nor in direction during buckling.

In Eq. (18), o' includes ¢® and ¢*.. ¢° is the three-dimen-
sional stresses at the state just prior to the occurrence of buck-
ling whereas ¢*’ denotes the incremental stresses at the occur-
rence of buckling. Since o°' satisfies the equilibrium condition
of the state prior to the occurrence of buckling and ¢*' is small
as compared with ¢, the functional 7y in Eq. (18) may be
reduced to the following form:

m k
THS(U*i;W’ip;ui) =Y {IE [j i(‘/za*”S"a*i
v"

n=1 =1
p P i .
+Vawl gowi,) dv —S T u ds]} = min 23)
v}
in which
of hy
; @, ¢
= (% %) @9
Oxy Oy

and T* is the incremental boundary tractions for the ith layer
at the occurrence of buckling.

If the prescribed tractions T‘ for the buckling are assumed
as p times the prescribed traction T before the occurrence of
buckling as shown in Eq. (1), the three-dimensional stresses ¢°'
are then equal to u6%'. u is a constant. Equations (23) and (24)
can be rewritten as

s (0% wipsul) =ni::1 [Zk: H

i=1

la.*iVSia*i
A2
u

+3 wfz,ggiwfp> dv —j T*"y! dsJ} = min (25
v}

i
n
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where ; A
A _ Gi=1| R{'L'ds (39)
- Q¢ ~O1 vi
a=(% %) @9 |
xy Oy Gi= S RiI'L'ds (40)
3v}

The equilibrium conditions of Egs. (20-22) may be also rewrit-
ten as

i+ ok, +ot,, =0 ex)
Ol + 0, + ol =0 28)

(o + u% W, + pddw, y)ox + (03 + B0 W, + p0, W, 5) sy
+ (0% + pd%w,, + udGw,,),. = 0 29)

In this case, the composite multilayer element is taken as
that used for interlaminar stress analysis. The incremental in-
terelement boundary displacements u’ are interpolated in
terms of the generalized incremental nodal displacements g’ as

u'=Lg (30)
Following the same procedure for assuming 52, &S;, and &2;,
the incremental in-plane stresses in the ith layer can also be
expressed in terms of parameters 3.

The assumed variables w/, and w!, in the ith layer of the nth
element are expressed as )

wio=ay + Xoy + yoay + X2y + xyas + yiog
Wiy = o + Xag + Yoo + X0 + Xy + ylan
or in matrix form
wi, = Pia @1

Again, following similar procedures for obtaining 62;, 83;,

~0f
and USZ, the normal stress o}, and transverse shear stresses o,

and o}, can be computed from Egs. (27-29) and Eq. 31).
(Now, the three-dimensional stresses ¢°° are known.) The in-

cremental three-dimensional stresses o*' and boundary trac-
tions 7* in the ith layer of the nth element are then expressed
as

o*' = N + pNja (32)
T+ = Rif + pRia (33)

Substituting Eqs. (30-33) into Eq. (25), the functional 7xs
can be formulated as

m k 1 ) ) 2 )
Ths = M [E(EﬁvH{ﬂ+uBVH2"a+E2—a7H3’a

n=1 [i=

+ g a*Hia—ﬂvaq"—ua’Gz"q’)] G4
where
Hi= S ‘_N{WS"N{'dv @35)
S N'SINi dv (36)
Hi= S Ni'SINidy (37
S

O'p dy (38)

After assembling the parameters in Eq. (34) for all layers,
wys is found to be

n=

m 1 “2
Ths = X S BHIB+ uB"Hy o+ ~ @'Hia

+ g avH:a—ﬂvaqn—uavG;q"] (41)

where H{', H;, H}, H}, G{, G, and g" are the corresponding
assembled element matrices of H{, Hi, Hi, Hi, G!, Gi, and
qi=12:k.

Since the incremental transverse shear stresses need to be
free on the top surface of the laminate (say A 8=0), the con-
straint condition can be satisfied via the Lagrangian multiplier
technique. Hence, Eq. (41) becomes

s (Bse; 75N = 2‘31 [E BYHB+ uB"HY a+ 0 «"Hja
+ 2 o~ FIG] "~ G g7+ WA B] @2)

From Eq. (10), the stationary condition of the functional mgg
in Eq. (42) with respect to 8 yields

A= (AH]T'AY) T\ AH!T'Glg"
~ w(AH! AN T AHD  HY o “3)
8=D"'Grg" — uD" 'H & 44)
where
D= HY — HP'AY(AHD A T AR

Substituting Eqs. (43) and (44) into Eq. (42), the functional
wys is rearranged as

m
1 _ _
Tus(a;q™) = ¥ [74"’0:‘*0" 'Grq" + pa'Hy D" 'Gl q"

n=1
s w B
— —i— MHZ”D”_IHZ"Ya+ E o"Hia+ E a“’H‘{’a—u.oﬂGz"q"}
45)

Next, the stationary condition of the functional w5 in Eq. (45)
with respect to « yields

a=~C"'(H;D"'G!~G}) q" (46)
where

C" = u(H{ —H;D" 'H}") + H] 47
In Eq. (47), since the first term of the right-hand side is small

as compared with H}, then C"=H].
Now, substituting Eq. (46) into Eq. (45), one obtains

mas = ¥ [-%2q"(K"+ 1K) q"] (48)
where
K"=GP'D"'Gy (49)
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Fig. 1 Topology of multilayer element.

K!= (H;D"'GI~Gf)"C" '(H{D"'GI~G})  (50)

denote the bending stiffness matrix and the initial-stress stiff-
ness matrix of the nth element, respectively. Assembling Eq.
(48) for n=1,2,--- m, wys can be rewritten as

Ths = — V2 q ¥ (K* +pKHg* (83))

where K*, K# and g * are the assembled global matrices of K,
K!,and g"forn=1,2,--- m. As aresult, the stationary condi-
tion of mys in Eq. (51) with respect to the global incremental
nodal displacements g* yields the relation

(K*+pnKHg* =0 (52)

Solving the preceding eigenvalue problem, the eigenvalue u
which. is physically the critical buckling load is then deter-
mined. It is noted that the corresponding eigenvector g* only
depicts the buckled shape instead of its magnitude.

The buckling analysis procedures for the general composite
laminates can be summarized as follows. 1) Assuming an ini-
tial loading P that can be computed from the prescribed initial
tractions 7% as shown in Eq. (1), calculate the distributions of
the three-dimensional interlaminar stresses in the composite
laminate which are treated as the initial stresses §°' for buckling
analysis. Loading P should be smaller than the critical buck-
ling load. 2) Substitute the initial stresses 6°' into Egs. (38),
(47), and (50) and calculate the global initial-stress stiffness
matrix K¥ 3) Construct and solve Eq. (52) to obtain the
smallest eigenvalue p by the subspace iteration method.'® The
critical buckling load P can be thus determined.

II1. Element and Interpolation Function

The topology of the multilayer element devised in this work
is shown in Fig. 1. The total number of nodes per element is
4x (i + 1) if the laminate consists of i layers, i=1,2,--- k.

The interelement boundary displacements u’ for the ith
layer for this element are expressed uniquely in terms of re-
spective nadal displacements. Since €., =0, the transverse dis-
placement through the thickness of the laminate is assumed as
constant. Hence, for example, the components of u‘ along the
side surface A -B for ithlayer as seen in Fig. 1 can be expressed
as

ui =[5 =0)ulz + U[A+HA-D|uiz
+U[A=5A+0)uly + [0 +HA+0]uls (53)
and

ul = (1-8u,, + 2(1+Huy,
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Fig. 2 Geometry and finite element mesh of a laminated plate.

where ué(ry=x, y) and ug represent the in-plane displacements
and transverse displacement at the side surface A-B of ith
layer. The superscripts / — and / + denote the bottom and top
surfaces of the ith layer, and £, {, and n are nondimensional
local coordinates (—1<§¢, ¢ and n=<1). From Eq. (53), it is
seen that the assumptions of in-plane displacements ué allow
independent cross-sectional rotations of each layer. The total
degree of freedoms per element are 8 X (i + 1) +4 if the lami-
nate consists of 7 layers, i =1,2, --- k. Hence, the interpolation
matrix L? in Egs. (2) and (30) can be obtained.

The in-plane strain field in the ith layer is assumed as that
of Chen and Hung.!? The interpolation functions Nj in Eq. (6)
and N} and N} in Eq. (32) for the three-dimensional stress field
are thus derived. To avoid spurious kinematic modes of the
element, the number of B8-chosen should obey the condition
b <a+c,wherea, b, and ¢ denote the number of independent
parameters #, element nodal displacement g, and rigid-body
modes, respectively.!®

IV. Results and Discussion

To evaluate the validity and accuracy of the technique pre-
sented, a number of numerical examples are demonstrated. In
all problems, the same material properties are considered for
all layers and one of the following three materials is used:

Material 1: EL/ET = 40, GLT/ET = 0,6, GTT/ET = 05, VLT
=Vrr= 025 )

Material 2: EL/ET =40, G_LT/ET =0.6, GTT/ET =0.5, vrr
= 0.25, Yrr= 0.49

Material 3: E;/Er =40, G.7/Er=0.5, Gr/Er=0.2, v, 7
=vrr= 0.25
where subscripts L and 7 represent the longitudinal and trans-
verse direction of the lamina, respectively.

Table 1 Uniaxial buckling loads T= 7xb2/Erh? of simply
supported symmetric cross-ply composite plates (a/h =10; a =b)

No. of EL/ET
Refs. layers 20 30 40
CPT 19.7120 27.9360 36.1600
Noor! 15.0191 19.3040 22.8807
Putcha and Reddy* 3 15.3001 19.6752 23.3398
Khdeir and Librescu’ 15.0320 19.0520 22.3120
Khdeir8 ) 14.8900 18.8780 22.1210
Present 15.6804 19.5468 22.6980
CPT 19.7120 27.9360 36.1600
Noor! 15.6527 20.4663 24.5929
Putcha and Reddy* 5 16.0100 21.0023 25.3086
Khdeir and Librescu?’ 15.8620 20.6440 24,7270
Khdeir8 15.7830 20.5780 24.6760
Present 16.6308 21.1844 25.0644
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Table 2 Biaxial buckling loads 7= 7,b2/E7h? of the symmetric
cross-ply (0 deg/90 deg/(Q deg) laminated plates with one pair
of opposite edges simply supported (T = Ty; a = b; material 2)
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Table 4 Effect of fiber orientation on the uniaxial buckling load
T=Tyb?%/Erh? of pin-supported angle-ply (+0/—6)
laminate (b/h =20; a = b; material 3)

Refs. b/h SSa SC CCb FF¢ FS
CPT 14.7040 23.3810 34.4540 2.0250 2.5960
Khdeir and
Librescu? 2 1.4650 1.4680 1.4720 0.9470 1.0850
Khdeir® 1.5080 1.6160 1.7900 0.8550 1.0060
Present 1.4789 1.5044 1.5537 0.7643 1.0961
CPT 14.7040 23.3810 34.4540 2.0250 2.5960
Khdeir and
Librescu’ S 5.5260 5.8880 6.1630 1.7130 2.1140
Khdeir® 5.4640 5.7810 6.2190 1.6560 2.0400
Present 5.5231 5.7079 5.9780 1.5234 1.8943
CPT 14.7040 23.3810 34.4540 2.0250 2.5960
Khdeir and
Librescu’ 10 10.2590 11.6340 13.2880 1.9370 2.4490

Khdeir® 9.9750 11.5340 13.4830 1.9180 2.4200
Present 10.2921 11,7590 13.5452 1.8480 2.1965
CPT 14.7040 23.3810 34.4540 2.0250 2.5960
Khdeir and
Librescu’ 15 12.2260 15.4470 19.5260 1.9850 2.5260
Khdeir8 12.0500 15.3750 19.7060 1.9760 2.5100
Present 12.6892 15.9932 20.2006 1.9456 2.4252

4S: simply supported. °C: clamped. °F: free.

Table3 Buckling loads 7= T,b2/E7h? of the symmetric
cross-ply (0 deg/90 deg/0 deg) laminated plates with one pair
of opposite edges simply supported (b/h = 10; material 2)

Load Refs. b/a  SSt SC CCe FFd FS
Khdeir and
Librescu? 21.203 22,021 23.456 1.937 3.947
Khdeir8 23 20.422 22.369 24.873 1.917 3.886
- - Present 21,954 23.236 25.153 1.694 3.396
Tx = Ty .
Khdeir and .
Librescu’ 10.259 11.634 13.288 1.937 2.449
Khdeir8 1 9.975 11.534 13.483 1.918 2.420
Present 10.292 11.759 13.545 1.848 2.197
Khdeir and
Librescu’ 29.200 29.804 30.819 1.925 4.046
Khdeir8 22 27.375 29.271 30.846 1.907 4.004
Ty = Present 29.037 29.911 30.931 1.981 4.286
Ty#0  Khdeir and
Librescu’ 12.824 14.585 16.649 1.925 2.472
Khdeir® 1 12.469 14.568 17.029 1.907 2.448
Present 12.624 14.480 16.664 1.966 2.506

28 x 14 meshes are adopted for full laminated plate. °S: simply supported.
°C: clamped. 9F: free. ’

T = 2.1965

10.2921

11.7580

Fiber orientation, 6
Sources 0 deg 30 deg 45 deg 75 deg 90 deg

Present 31.0414 20.2027 19.9243 12.7115 12.7368
CPT!? 35.8310 20.4410 21.7090 12.9150 13.1320

Table 5 Effect of fiber orientation on the biaxial
buckling load 7= 7:b2/ETh? of angle-ply laminates
(b/h =10; a =b; T =T); material 1)

6, deg SSSS CCCC CFCF

No. of layers

5 30 13.8763  14.6641  4.6549
45 11.7974 14.8188 5.7771
3 30 17.7273  28.3406  4.8032
45 16.4125  28.1935 ~ 5.7723

Table 6 Effect of number of layers on
the shear buckling load 7= Ty,b2/Erh? of
angle-ply laminates (30 deg/ —30 deg/30 deg/----;
b/h =10; a =b; T, =T, =0; material 1)

No. of layers  SSSS SCSC CCCC  CFCF

2 21.3122 23.8373 243581 12.4024
3 23.5388 26.9259 28.4803  7.1591

The geometry and finite element mesh taken in this work are
shown in Fig. 2. Unless otherwise stated, 10 X 10 multilayer
elements are adopted for the full laminated plate.

The influences of the modulus ratio and number of layers on
the dimensionless uniaxial buckling loads T= T.b2/Erh? for
simply supported symmetric cross-ply laminates are tabulated
in Table 1. The material properties are the same as those of
material 1 except that the modulus ratios are taken. Because of
symmetry, only a quadrant of the plate is modeled and 8 x 8
multilayer elements are chosen. Good correlations between the
present computed results and referenced solutions'*78 reveal
the high accuracy of the present technique. In addition, as the
modulus ratio increases, the present results are closer to the
solutions' obtained by three-dimensional elasticity as com-
pared with those computed by Putcha and Reddy* using mixed
finite element method. Tables 2 and 3 show the various effects
of thickness ratio, edge conditions, and aspect ratio on the
dimensionless buckling loads T=7,b*/Erh? of symmetric
cross-ply (0 deg/90 deg/0 deg) laminated plates with one pair

1.8480 4.5840

13.5452

Fig. 3 Biaxial-buckled shapes of symmetric cross-ply laminates (0 deg/90 deg/0 deg) for various edge conditions (a =b; b/h =10; T= Tybz/ETh 2),
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T = 5.7723

16.4125
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28.1935

Fig. 4 Biaxial-buckled shapes of symmetric angle-ply laminates (45 deg/ — 45 deg/45 deg) for various edge conditions (a =b; b/h =10; T=T,b2/

Erh?).

T = 5.7771

11.7974

<Y
“2§:§:§:'..
Gy
W

< 75>

14.8188

Fig. 5 Biaxial-buckled shapes of antisymmetric angle-ply laminates (45 deg/ —45 deg) for various edge conditions (¢ =b; b/h =10; T=T,b2/

Erh?).

(30°/-30°/30°)

T = 7.1591

(30°/-30°)

12.4024

Fig. 6 Shear-buckled shapes of symmetric (30 deg/ —30 deg/30 deg) and antisymmetric (30 deg/ —30 deg) angle-ply for CFCF edge condition

(a=b; b/h =10; T=Tyyb2/ Erh?).

of opposite edges simply supported at y =0 and y =b. Again,
good results show the high accuracy and versatility of the
present technique. Table 4 displays the effect of fiber orienta-
tions on the dimensionless uniaxial buckling load for a two-
layered antisymmetric angle-ply laminated plate with pin-sup-
ported edge conditions. The solutions of Jones et al.!” by the
classical plate theory are also shown for comparison purposes.
In Table 5, results are presented for studying the effect of fiber
orientations on the biaxial buckling load of the angle-ply lam-
inated plates with different number of layers and four edge
conditions. It is seen that the biaxial buckling loads for CFCF
plates have no obvious difference between three-layered sym-
metric and two-layered antisymmetric angle-ply laminates. For
other plates with SSSS or CCCC conditions, as would be ex-
pected, the buckling loads of antisymmetric laminates are
much smaller than those of symmetric laminates. Table 6
shows the effect of the number of layers on the shear buckling
load of laminated plates having various edge conditions. It is
interesting to note that the two-layered CFCF plate has higher
shear buckling load as compared with three-layered plate. Fig-
ure 3 shows the biaxial-buckled shapes of symmetric cross-ply
laminates having various edge conditions. Figures 4 and 5
display the biaxial-buckled shapes for symmetric (45 deg/ —45
deg/45 deg) and antisymmetric (45 deg/ —45 deg) angle-ply
laminates with different boundary conditions, respectively.

The shear-buckled shapes of symmetric (30 deg/ —30 deg/30
deg) and antisymmetric (30 deg/—30 deg) angle-ply CFCF
plates are shown in Fig. 6. An irregular shear-buckled shape
can be seen for the antisymmetric angle-ply plate.

V. Conclusions

An accurate and efficient multilayer element together with
the hybrid-stress finite element models formulated have been
successfully demonstrated for the buckling analysis of general
composite laminates having various edge conditions under in-
plane stress system. The effects of fiber orientations, aspect
ratios, stacking sequences, and thickness of laminates on the
buckling loads and buckled shapes are also investigated. Good
results show the high accuracy and versatility of the present
technique. Without using the composite shear-correction fac-
tors, since the analysis model is derived based on a three-
dimensional viewpoint, the program as developed can be fur-
ther employed to deal with more realistic composite structures,
such as a composite laminate with a hole, etc.
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